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£f} Abstract. We characterize /-vectors of sufficiently large three-dimensional flag Gorenstein* 

t-H complexes, essentially confirming a conjecture of Gal [Discrete Comput. Geom., 34 (2), 269- 

284, 2005]. In particular, this characterizes /-vectors of large flag triangulations of the 
3-sphere. Actually, our main result is more general and describes the structure of closed flag 
$— < 3-manifolds which have many edges. 

Looking at the 1-skeleta of these manifolds we reduce the problem to a certain question 
in extremal graph theory. We then resolve this question by employing the Supersaturation 
_ Theorem of Erdos and Simonovits. 

<N 

O 1- Introduction 

One of the trends in enumerative combinatorics is to classify face numbers of various families 
of simplicial complexes. In this paper we study flag triangulations of closed 3-manifolds with 
sufficiently many vertices and high edge density. As a consequence we confirm, for sufficiently 
large number of vertices, a conjecture of Gal regarding face vectors of flag triangulations of 
generalized homology 3-spheres. 
£Sj If K is a finite simplicial complex and a £ if is a face we denote by \a\ its number of 

vertices and by dimcr = |cr| — 1 its dimension. The dimension of K, dimiT, is the maximum 
over all a G K of dimcr. 

The f -vector of a simplicial complex K of dimension d is the sequence 

(1) (/-i,/o,-..,/d) 

in 

where fi is the number of faces of dimension i. By convention, we always define /_i = 1. The 
CN h-vector of K is the sequence 

(2) (h , . . . , h d+ i) 

ITl determined by the equation^ 

^ d+i d 

(3) Y, h i xd+X ~ i= E /iO*- 1 )* - *- 

i=0 i=-l 

Of course the /-vector and the /i-vector determine one another and carry the same informa- 
tion, but the /i-vector often enjoys better combinatorial properties; the Dehn-Sommerville 
equation Q below being one example. Note that /iq = 1. 
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Next we introduce the class of Gorenstein* and Eulerian complexes. The reader not in- 
terested in this level of generality can equally well think about simplicial complexes which 
triangulate a standard sphere. Recall that if a £ K is a face then the link of a in K, denoted 
Ikxcr is the subcomplex {r Gif | rna = 0, tU a £ K}. 

A simplicial complex K of dimension d is a generalized homology sphere (or Gorenstein* 
complex) if for every face a £ K the homology of lk^o" is the same as the homology of a 
sphere of dimension d — \o~\. In particular, when a = 0, this means that K itself has the 
homology of a (i-sphere. We are going to use the short name 'ci-GHS'. A simplicial complex 
K of dimension d is Eulerian if for every face a 6 K the Euler characteristic of lk^-cx is the 
same as that of a sphere of dimension d — \a\. 

Any triangulation of the standard d-sphere is a d-GHS and every d-GHS is Eulerian. More 
generally, if K is a triangulation of a closed topological manifold and a 7^ is a face of K 
then lkft- a is a {d — |cr|)-GHS. By the Poincare duality the Euler characteristic of an odd- 
dimensional closed manifold is 0, hence every such manifold is Eulerian. (A closed manifold 
means a compact manifold without boundary.) 

Any Eulerian complex of dimension d satisfies the classical Dehn-Sommerville equations 

(4) hi = h d+1 -i 

and, following Gal |Gal05|. one can encode the coefficients hi in a shorter, integer- valued 
^-vector 



We always have 70 = 1. 

The classification of h- (or /-, 7-) vectors of generalized homology spheres is of great 
interest in the field. The complete classification is predicted by the celebrated (7-conjecture of 
McMullen [McM71]. In this work we pick up a related but somewhat different research line 
started by Gal, who investigated these parameters for the restricted family of flag complexes. 

A simplicial complex is flag if all its minimal non-faces have dimension 1 or, equivalently, 
if it is the clique complex of its 1-skeleton. The latter means that faces of K correspond 
to cliques in the graph which is the 1-dimensional skeleton of K. For flag generalized 

homology spheres the 7- vector is the most efficient and interesting parameter. The major 
conjecture of Gal |Gal051 Conj. 2.1.7], which states that the 7-vector of a flag d-GHS is 
non-negative, is known to hold for d < 4 |Gal051 Cor. 2. 2. 3]. For any flag (2d — 1)-GHS this 
conjecture is a strengthening of the famous Charney-Davis conjecture [CD95]. On the other 
hand, Gal's conjecture itself has a stronger version which states that the 7-vector of a flag 
(f-GHS is an /-vector of some flag complex [NPllj . See |NPT11| and references therein for 
progress in that area. 

If K and L are two simplicial complexes with disjoint vertex sets then their join K * L 
is a simplicial complex with vertex set V(K) U V(L) whose faces are all unions t U a for 
t E K, a G L. It is a standard fact that S k * S l = S k+l+1 for triangulated spheres S k , S l 
with k, I > —1. 



(5) 



(70, . . • ,7|_d+i 



determined by the equation 



(6) 




i=0 



8=0 
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Following Murai and Nevo [MNJ, let denote the set of all 7- vectors of flag (i-GHSs. 
When d = 1,2 then the (k + 4)-gon or its join with the two-point sphere S° are simplicial 
d-spheres with 7-vector (1, k) for any integer k > 0, and by the previous discussion these 
exhaust Ai and A2, i.e., we have 

Ai = A 2 = {(l,fc) G Z 2 : k > 0} . 

Gal [Gal05l Cor. 3.1.7] proved that 72 < 7?/4 must hold for any 7-vector (1,71,72) in A3 or 
A4 and a simple join construction [MN, Thm. 5.1.ii] shows that this is tight in dimension 4, 
that is 2 

A 4 = |(1, 71,72) £Z 3 : 72 < ^, 71,72 > j . 

Going back to dimension 3, Gal jGa!05l Thm. 3.2.1] showed that 
(7) 

A3 5 j (1,71, 72) £Z 3 : 72 < (71 ~ ~ , 71,72 > j U {(1, k + I, kl) € 1? : k,l>0}. 

The elements of the first set can be realized as 7-vectors of some appropriate iterated edge 
subdivisions of the boundary of the cross-polytope. The elements of the second kind are the 
7-vectors of a join of a (k + 4)-gon with an (I + 4)-gon. 

Gal then conjectures that the inclusion Q is in fact an equality. Since the 7-vector of a flag 
3-GHS is non- negative, the stronger version of that conjecture is the following (sec [Gal05, 
Con. 3.2.2] or [MSI Conj. 5.2]). 

Conjecture 1.1. // (1,71,72) is the ^-vector of a flag 3-GHS K and 72 > ^ then K is 
a join of two polygons. 

Also, note that the two constructions which show the inclusion Q are flag triangulations 
of the 3-sphere. Thus — if true — Conjecture |1 . 1| provides a characterization of 7-vectors (or 
/-vectors) of flag triangulations of the 3-sphere. Even this special case of characterization of 
7-vectors of flag triangulations of the 3-sphere is open. The conjecture was verified for order 
complexes of posets [MNJ . 

To make the following discussion more concrete, suppose that K is an Eulerian complex 
of dimension 3 with face numbers (1, /o, /1, /2, /s)- Then the Dehn-Sommerville relations 
translate into 

(8) h = 2(/i - /o), h = h~k- 
Moreover, we find 

(9) 11 = k~ 8, 72 = fx ~ 5/o + 16 
and the conditions (71 — l) 2 /4 < 72 < 7i/4 are equivalent to 

(10) |(/o 2 + 2/o + 17)</i<^/ 2 + /o. 

Our results. Below is the main result of the paper. It determines the structure of closed 
flag 3-manifolds which have many edges. 

Theorem 1.2. There exists a number uq such that the following holds. If M is a flag 
triangulation of a closed 3-manifold with /o > no vertices, f\ edges, and such that f\ > 
t(/q + 2/o + 17) then M is a join of two polygons (and, in particular, it is homeomorphic to 
S 3 ). 
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Theorem 1 1 . 2| resolves Conjecture [LT] affirmatively for flag complexes with sufficiently many 



vertices because every 3-GHS is a closed manifold (see Remark 1.9). In other words, the 
inclusion ([7]) is an equality except for, perhaps, a finite number of elements. 



Below, we prepare tools for our proof of Theorem 1.2 We shall reduce Theorem 1.2 to a 
certain statement in extremal graph theory (Theorem 1.6). 

Given a graph G and a vertex v G V{G) we write N v for the neighborhood of v, that is 
{w e V(G) : vw G E(G)}. If W C V(G) then is the subgraph of G induced by W. 

The length of a path in a graph is its number of vertices; this is one more than the standard 
common definition of length but more convenient for our purposes. 

Definition 1.3. If G is a graph and a is a clique in G then define the link of a in G as 



lkc <7 = G 



y&cr 



That is, Ikccr is the subgraph of G induced by the vertices which are not in a, but are adjacent 
to every vertex of a. 



Definition 1.3 is designed so that it is compatible with the topological notion of links in 
flag complexes. For each flag complex K we have lk^rjc = (lk^-cr)^, where on the left-hand 
side we use the link of Definition |1.3| and on the right-hand side the link is understood in the 
simplicial sense. 

Let us define the class of graphs which arise in our setting. 

Definition 1.4. A graph G with n vertices and m edges is fascinating if it satisfies the 
following conditions 

a) G contains exactly 2(m — n) triangles. 

b) For every edge e in G the link lk^e is a cycle of length at least 4. 

c) For every triangle t in G the link lkg-t is the discrete graph with 2 vertices and no 
edges. 

d) For every vertex v in G the link Ykcv is a connected, planar graph whose every face 
(including the unbounded one) is a triangle. In particular - by Kuratowski's Theorem 
- it does not contain the complete bipartite graph K^^ as a subgraph. 

Further, Whqv contains at least 6 vertices. 

Our reduction is based on the next observation. 

Lemma 1.5. If M is a closed flag 3-manifold then the 1-skeleton of M is fascinating. 

Proof. Let G = M^> . Condition a) follows since M is Eulerian, and so it satisfies fefo. 
Parts b)-d) are consequences of the fact that lkjvft, lkj^e, IkAfy are flag triangulations of, 
respectively, S°, S 1 and S 2 . A known fact that a flag triangulation of requires at least 
2(j + 1) vertices |Gal0 5. Lem.2.1.14] proves that the links must be sufficiently large. □ 

The graph join of graphs G and H, which we will denote G * H, is the disjoint union of G 
and H together with all the edges between V(G) and V(H). For any simplicial complexes K 
and L we have (K * L)W = * , where on the left-hand side we use the simplicial join. 



By Lemma|1.5| we get that Theorem 1.2 is a consequence of the following result. 



Theorem 1.6. There exists a number uq such that the following holds. Suppose G is a 
fascinating graph with n > uq vertices, m edges and m > \{n 2 + 2n + 17). Then G is a join 
of two cycles. 
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The rest of the paper is concerned with the proof of this theorem. The strategy is outlined 
at the beginning of the next section. 

Remark 1.7. Along the way we will also see that the result is tight in the following sense: 
There exist flag 3-spheres with arbitrarily large /o and with exactly 

/i = ^(/ 2 + 2/ + 17) 

edges, which are not a join of two cycles. Moreover, we will classify those boundary cases: 
Any fascinating graph G with n > no vertices and exactly m = \{n 2 + 2n + 17) edges is one 
of the graphs in Figure [2] in Section |4j 

Remark 1.8. Theorem \1.2\ implies that for fo > no every closed flag 3-manifold satisfies 
fi < \fo + fo ( or > equivalently, 72 < j7?)- This result in fact holds for all values of /o by 
the same proof that works for 3-GHSs in [Gal05j. 

Remark 1.9. In dimensions d = 0, 1, 2 the classes of (flag) d-spheres and d-GHS coincide 
and in dimension d = 3 every 3-GHS is a closed, connected manifold. To see this, first note 
that it is an easy consequence of the definition that if L is a d-GHS and a G L then lk^cr is 
a (d — |<t|)-GHS. Now the only 0-complex with the homology of S° is S° itself. As for d = 1, 
observe that in a 1-GHS all vertex links are the two-point space, so a 1-GHS is a disjoint 
union of cycles, of which only a single cycle has the homology of S 1 . In a 2-GHS the link of 
every vertex is the sphere S 1 , so a 2-GHS is a closed surface, and of all surfaces only S 2 has 
the correct homology. Finally it means that in a 3-GHS all face links are homeomorphic to 
spheres of appropriate dimensions, so a 3-GHS is a closed manifold. 



2. Proof of Theorem 11.61 

The main idea behind our approach is that G has a lot of edges (more than n 2 /4), but 
relatively few triangles - just G(n 2 ). Graphs with this edge density must have many more 
triangles, namely 0(n 3 ), unless they look very "similar", in some sense, to the complete bi- 
partite graph i^ n /2,n/2- This phenomenon is called super 'saturation and is one of the basic 
principles of extremal (hyper)graph theory with fundamental applications to areas like ad- 
ditive combinatorics or property testing in computer science. In our setting the additional 



properties of G coming from Definition 1.4 can be used to refine the similarity to ^ n /2,n/2 
to determine the structure of G exactly. This is a relatively standard approach in Extremal 
Graph Theory, called the Stability method, and introduced by Simonovits [Sim68j. However, 
our proof is somewhat more complex than most of the applications of the Stability method to 
problems in extremal graph theory. Indeed, in these problems one usually tries to determine 
exactly the structure of a unique extremal graph while here we are dealing with joins of two 
cycles whose lengths can vary, i.e., graphs with somewhat looser structure. 

Here is a more detailed outline of the proof. Mantel's Theorem (which is a special case 
of Turan's Theorem) asserts that the complete balanced bipartite graph ^1^/21,17^/21 is the 
unique maximizer of the number edges among all triangle-free graphs on h vertices. Note 
that this graph has \_h 2 /4\ edges. The graph -f^LV 2 J-rV 2 l ^ s s t a ble for this extremal problem 
in the following sense: if H is a graph on h vertices with at least h 2 /4 edges and contai ning 



only o(h ) triangles, it must be "very similar" (the precise meaning appears in Theorem 2.2) 



to K\j l /2\[h/2\ ■ These conditions are satisfied for the fascinating graph G of Theorem 1.6 By 
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exploiting other properties of G we will be able to show that G is close to being a join of two 
cycles in the sense of the next definition. 

Definition 2.1. A fascinating graph G is called t-joinlike if there is a partition V{G) = 
d U C 2 U X where 

• the graphs G[Cj\ are cycles, 

• there are edges ei G G[Cj\ such that lkce, = G[C^-i\, 

• \X\ = t. 

The vertices of X are called exceptional. 

Note that a 0-joinlike fascinating graph is a join of two cycles G[Ci] * GrfCy. At the end 
of this Section we will establish that G must be t-joinlike for t = 0, 1 or 2 with some extra 
conditions satisfied by the exceptional vertices. 

2 

Observe that the balanced join of two cycles of lengths « ^ has « ^- + n edges (and joins 
of cycles of unbalanced lengths have even less edges), so our graph G is only allowed to "lose" 



~ ^ edges with respect to that number before it violates the bound of Theorem 1.6 In many 
cases, however, we will be able to show that a 2-joinlike graph loses a lot more just by counting 



the edges missing in the sparse planar links of exceptional vertices (Definition 1.4 i)). 

This leaves us with just a handful of possible scenarios considered in Section |4j Those are 
the difficult ones, in the sense that the graphs G approach, and in fact even reach, the bound 
m = \{n 2 + 2n + 17). That means we can no longer use rough estimates. We then have to 
examine the structure of G more closely. This is the part where the examples advertised in 



Remark 1.7 show up. 



Let e(H) = \E(H)\ and we write e(H[A,B]), (resp. e(H[A, B])) for the number of edges 
(resp. non-edges) crossing between two disjoint vertex sets A,BC V{H) . 

Let us now state a theorem of Erdos and Simonovits [ES831 Theorem 3], tailored to our 
needsj^] As said above, this version of the Supersaturation Theorem gives an approximate 
structure in graphs with edge density at least g which contain subcubically many triangles in 
the order of the graphj^] 

Theorem 2.2. For every e > there exists S > such that the following holds. Let H be an 
h-vertex graph with at least h 2 /A edges, containing at most 5h 3 triangles. Then there exists a 
partition V(H) = A\ U A 2 , with \ \A\\ — \ A 2 \\ < 1, such that 

(11) e(# [Ai]) + e(H[A 2 }) + e(H[A u A 2 ]) < eh 2 . 

To obtain the above statement set C to the one-element family consisting of just a triangle 
in |ES83l Theorem 3]. 



We can now proceed with the proof of Theorem 1.6 Let < 7 <C 1, a < 7/IOOO and 



e < 07 be fixed. Let 5 be given by Theorem 2.2 for input parameter e. Let uq be sufficiently 



large. Suppose that G is the graph as in Theorem 1.6 Definition fL4k) gives us that G has 



2 These days, similar theorems are typically proven with the help of the Szemeredi Regularity Lemma |Sze78) ; 
see for example [KS96, Theorem 2.9]. Even though the Regularity Lemma was already alive by the time of 
publishing ES83 the theory was too juvenile to yield such a statement back then. Therefore some alternative, 
"sieve" arguments were used instead. 

^The general version of the Supersaturation Theorem deals with (hyper)graphs containing a small number 
of copies of a fixed (hyper)graph F. 
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2(e(G) — n) < n 2 < <5n 3 triangles. Therefore, Theorem 2.2 applies with parameters 5 and e. 



Let A\ U A2 be the partition of V(G) from Theorem 2.2 



Let us fix additional notation. Given a vertex v and a set of vertices X we write 

deg(v,X) = |JV„nX|. 
Define the following vertex sets for i = 1,2: 

Tl 

Bi = {v £ Ai : deg(v, A 3 _j) > - - jn}, 

Tl 

Wi = {v£Ai\Bi-. deg(v, Bi)>-- 7 n}, 
Xi = (A i \B l )\W i . 

Claim 1. We have \Ai\Bi\ < an for i = 1,2. In particular |Wj|, \Xi\ < an and\Bi\ > ^—an. 

Proof. By definition every vertex of A4 \ Bi has at least jn — 1 non-edges to ^3-,. If we had 
I Ai \ Bi I > an then 

e(G[Ai,A 2 }) > \A { \ Bi\ • ( 7 n - 1) > a-/n 2 - an > en 2 , 
contrary to the choice of A\ and A%. □ 
Now define the partition V(G) = Si U S2 U X as follows 

S* = BiUWs-i, 
X = IiUl 2 . 

Observe that ^ — an < \Si\ < § + an and |X| < 2an. Denote x = |X|. It is our goal to 
show that X = 0, that Si and S2 induce cycles, and that the bipartite graph between Si and 
S2 is complete. 

Claim 2. For i = 1, 2 and /or every vertex v £ Si we have deg(v, S3-1) > S — 2771. 

Proof li v £ Bi then tj has at least | — 7n neighbors in vl3_j and by Claim [l] at least ^ — 27n 
of them hit £?3_i- If v G W^-i then v has at least ^ — 7n neighbors in -E>3_j. □ 

Claim 3. For i = 1,2 and /or every vertex v £ Si we have deg(v, Si) < 2. Consequently, 
e(G[Si]) + e(G[S2]) < n. Moreover, G[Si] is triangle-free. 

Proof. Suppose a vertex v £ Si has three neighbors u\, U2, 113 £ Sj. By Claim [2] we have 

n 

\n v n iv ui n n U2 n at U3 n S 3 -i| > - - i3 7 n > 3 . 

This implies that lk^f contains a copy of K^^ (with ni, n2, n3 on one side and the other being 
in S3_j), which is a contradiction to Definition |1.4| i). 

The proof of the last statement is similar: if t is a triangle in G[Si] then lk^i contains most 
of S3_j, so G fails Definition 1 1.4b ). □ 

Claim 4. If v £ X then deg(v, Si) < \ - | 7 n for i = 1,2. 

Proof. By definition every vertex v £ X satisfies deg(t> , Bi) < ^ — 7n for i = 1,2. Therefore 

Tl Th 2 

deg(v,Sj) < deg(w,5i) + |W 3 — *| <--7 ri + a ri <2~ 3^ n - 

□ 
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We call a vertex v G X poor if deg(v, Si) > 3 and deg(v, S 2 ) > 3. Let PCJbe the set 
of poor vertices. Choose a partition X \ P = T\ U T 2 such that the vertices v G Ti satisfy 
deg(v, Si) < 2 for i = 1,2. Let p=\P\. 

Claim 5. IfveX\P then deg(v, St U S 2 ) < § - \^n. 

Proof. This is obvious from Claim |4j □ 
Claim 6. If v £ P then deg(v, Si) < 12^n for i = 1,2. 

Proof Suppose the contrary and without loss of generality let deg(v,S2) > 12jn. Let 
ui, u 2 , U3 G N v D <Si be three different vertices. By Claim [2] the set N Ul n -/V U2 n iV U3 n S2 has 
at least 5 — 107n vertices, therefore iV^ hits at least 772 of them. In particular G[-/V„] contains 
a -^3,3, a contradiction. □ 

We can now plug in the bounds from the claims above to count the number of edges in G 
to obtain the following bound 



+ e(G[X\P,S 1 US 2 }) + 



X 
2 



This is equivalent to 



Tl — X \ ^ ( Tl 1 "\ X^ 

< ( — ^— j +n + 24y»7n+ (x -p) ( - - -7nj + y 



?-^)+f™ + f<|. 



Since x < 2an < ^jn, we have ^ — |x > , and the last inequality implies 

, , X7n pn , , 17 n 

(12) + y(l-49 7 ) + T < -• 

It follows that 

2 

(13) x < - , and 

7 

In particular we can only have p = or p = 1. 

Let = Si U Tj for % = 1, 2. Note that 

n n 

an < ivj < — h an + x < — h 2an. 

2 2 ~ 2 

Let 6 = e(G[Xi, ^2]) be the number of missing edges between K\ and K 2 . The following 
bound follows directly from Claim |3j the definition of Tj and (13). 

Claim 7. For each v G Ki we have that deg(w, Ki) < \T%\ + 2 < x + 2 < 

Claim 8. For i = 1, 2 anc? eac/i set 1" C Sj, |Y"| < | we have that G[Si \ Y] contains at least 
one edge. In particular G[Si\ contains at least one edge. 
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Proof. Suppose the claim does not hold for example for i = 1 and some set Y C Si. Let ti 
be the number of triangles in G with at least two vertices in K{ . 

If T2 7^ then let us consider an arbitrary fixed vertex v £ T2 . By Claim [7] inside K2 there 
are at most deg(v, -K2) 2 < I6/7 2 triangles touching v. We further see that there are at most 
deg(f , l^lifil < 4n/7 triangles through v with two vertices in K2 (one of them being v) and 
one vertex in K\ . Summing over all v £ T2 we get that the number of triangles touching T2 
with at least two vertices in K2 is at most 1 2~2 1 x (^f + < 

To bound ti it only remains to add triangles whose two vertices are in S2 and the third is 
in K\ (by Claim [3] there are no triangles entirely inside S 2 ). By Claim [3] we have 

llr? 

(15) e(G[S 2 ]) < \S 2 \ < — . 

Since each edge in S 2 can be extended in at most < ways to such a triangle we get 
that 



Yin lln lln ITln 2 
t2 ~ + ~20 20" - 400 ' 
To bound the number t\ of triangles with at least two vertices inside K\ we proceed 
similarly, except that the fact e(G[S\ \Y]) = allows us to strengthen the counterpart 
of g9 to e(G[5i]) < 2\Y\ < \. Consequently, 

Yin n lln 3n 2 
1 ~ ~t^~ + 4 ' ~W ~ ~20~ ' 

Finally the number tp of triangles passing through the (at most one) poor vertex in P 
satisfies t P < (2Ajn + x) 2 < 700j 2 n 2 < O.Oln 2 by Claim [©J 

We get that the total number of triangles is t\ + t 2 + tp < 0.47n 2 < 2(e(G) — n), a 
contradiction to Definition |1.4b .). □ 

Next, we claim that there are no poor vertices. 

Claim 9. We have p = 0. 

Proof. Suppose that p = 1 and let P = {q}. Employing Claim [3] and the definition of T\ y T 2 
we get 



e(G[ Kl UK 2 ]) < (V 1 ) 2 -^.^ (l^l + 2 I^I+ ('2')) 



1.2 

n — 1 



} , b+n+C , 

where C depends only on 7. By Claim [6] we then have the following estimate 
1 2 ■ 1 17 - 1 



(16) - n 2 + -n + — < e(G) < J -b + n + 25jn. 
This implies 

(17) b < 257n. 

Consider any edge e S G[5i]. The link lk^e is a cycle C which contains, by Claim [2j at least 
I — 6771 vertices of 52 and, by Claim |3j does not pass through S\. The number of vertices 
in which C can exit S 2 is bounded from above by 2(x + 1). Eliminating the vertices of C 
which are adjacent (in the graph G) to T 2 (at most 2x) or to q (at most 127n by Claim |6j) 
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we find that GfSy contains at least ^(f — 307n) vertex-disjoint edges e' = u'v' which satisfy 
V{\k G e') CKi. 

We claim that for at least one such edge e' = u'v' we have K\ C N u > n N v i . Indeed, each 
edge e' for which this does not hold is incident with at least one non-edge in G[Ki, K2], and 
thus otherwise we would get at least 5(2 — 307n) non-edges in G[K\,K2], a contradiction 



to (17) 



Let us fix an edge e' as above. We now have that lk^e' = G[-Ki] and therefore G{K\] 
is a cycle. A symmetric argument starting with an appropriate edge e" £ G[K%] for which 
Ikce" = G[K2\ shows that Gf-K^] is a cycle as well. 

We now see that G, with the decomposition V{G) = K\ U K2 U {q}, is 1-joinlike in the 



sense of Definition 2.1 We shall however later in Proposition |4.2| show that this leads to a 



contradiction. □ 
For the remaining part we can therefore assume P = 0. Our short-term goal for now is to 



prove that G is 0-, 1- or 2-joinlike. The same way we derived (16) we get that 



i n 2 + -n+ T <e(G)<(-) -b + n+- 2 . 



(18) b < - + -3 - — < 0.51n. 



This implies 

n 4 17 

2 + t 2 ~ T 

Let £Jj be the set containing Tj and all the neighbors in Si of the vertices in T\ . By definition 
of Ti we have \Ei\ < 3x. Note that Ki\ Ei = Si\ E% and for any vertex v € Ki\ E% we have 
deg(v,^)<2. 

Fix two edges e\ £ G[S\\ E\] and e2 € GfS^ \ ^2]; such edges exist by Claim [8j For each 
i = 1,2 the link lkce3_j lies in Ki and its intersection with Ki \ Ei is a collection of at most 
3x paths of total length at least ^ — 67?} by Claim [2j or a sole cycle. Define a segment in 
Gr[-RTj] as a maximal connected sub-path (or a cycle) of lk(je3_j which lies in Ki\ E{. (Note 
that our definition of segments is with respect to fixed edges e\ and e2.) There are at most 
3x < 6/7 segments in K^. A segment is called long if it has at least an vertices and short 
otherwise. The total length of short segments in Ki is at most - • an < 0.09n, hence the total 
length of long segments in each Ki is at least 0.4n. 

Claim 10. Let R\ and R2 be two segments in K\ and K2, respectively. If for some vertices 
x\ £ R\, X2 £ i?2 we have x\X2 £ E(G) then G[i?i,i?2] is complete bipartite. 

Proof. If x'^x'l are the neighbours of X\ in K\ and x' 2 , x' 2 ' are the neighbours of X2 in K2, then 



the link lkcxia^ is a cycle contained in {x'^x'^x^x'^}, hence, by Definition 1.4 a) it must 
pass through all those vertices. Therefore £ E(G). By successively 

repeating the same argument for the newly forced edges we prove the claim. □ 

Claim 11. If R± and R2 are two long segments in K\ and K2 respectively then G\R\,Ri\ is 
complete bipartite. 



Proof. If not then, by Claim 10, the bipartite graph G[R\,R2] does not contain any edges. 
Then 



e{G[K Xi K 2 ])>e{G[Rx,Bz]) = \R X \ ■ \R 2 \ > 



a 2 n 2 



a contradiction to (18). □ 
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Let L x , and L 2 be the vertex sets of all the long segments in K x and K 2 , respectively. By 
Claim 11 the graph G[L X , L 2 ] is complete bipartite. For i = 1, 2 choose edges e, G G[Lj\ which 
minimize the quantity 

(19) \K 3 _i\V(lk G ei)\ 
and let Cj C K{ be the vertex set of the cycle lkce3_j. 
Claim 12. We have \K X \ C x \ + \K 2 \ C 2 \ < 2. 

Proof. Let = \ Cj | . By the optimality of the choice of eTj we get that the link of every 
edge in G[Li] misses at least d^-i vertices of Since G[L X ,L 2 ] is complete bipartite by 

Claim 11 those missing edges must contribute to e(G[Li, K 3 _i \ £3-3]). Recall that G[Lj\ is a 
collection of at most 3a; < 6/7 vertex-disjoint paths (or a cycle) of total length at least 0.4n. 
We get 

e(G[L h K 3 .i \ L 3 _i]) > - 3a;) > d 3 -< ■ 0.19 • n. 



The two sets of missing edges we count this way for i = 1, 2 are disjoint. Therefore, using ( 18 ) 

0.51n > b > e(G[L x ,K 2 \ L 2 \) + e{G[L 2 , K x \L X \)> 0.19n(d a + d 2 ) 
which implies d x + d 2 < 2.7. That ends the proof. □ 



The graphs G[Ci], G[C2] are cycles and the minimizing edges e; G I, C d satisfy llc^ei = 
G[C3_j]. Together with Claim 12 it shows that G is t-joinlike for t < 2. If t = then we are 
done. The case t = 1 leads to a contradiction as shown in Proposition 4.2 We can therefore 
assume that t = 2 and call the two exceptional vertices q and q' . We can assume without loss 
of generality that either 

(20) K x \C x ={q}, K 2 \C 2 = {q'}, 
or 

(21) K x \C x = {q,q'}, K 2 \C 2 = %. 

Define the following quantities for i = 1,2, 

di(q) = deg(q, Q) and di{q ) = deg(q , Q) , 
e l (q) = e(G[N q nC l \) and ej(</) = e(G[A^ g / D CJ) . 

Note that ei{q) < di(q) and ej(g') < di(q') since G[iV g n Cj] and GfiVg/ n Cj] are induced 
subgraphs of cycles. 

If any of the numbers d x (q),d x (q'),d 2 (q),d 2 (q') is at most 2, then the result follows from 
Proposition 4.7 We will therefore assume that 

mm{d 1 (q),d x (q'),d 2 (q),d 2 (q')} > 3 . 



The proof under this assumption splits into the two cases ( |20[ ) and (21) and is presented in 
the next section. 



12 



MICHAL ADAMASZEK AND JAN HLADKY 



3. TWO EXCEPTIONAL VERTICES OF LARGE DEGREES 



In this section we show that each of the cases (20) and (21 ) from the previous section leads 
to a contradiction. We use the same notation. 

We are going to exploit the fact that the graphs IkcQ an d ^gq' are planar. Recall that 
Euler's formula implies an /i-vertex planar graph can have at most 3/i — 6 edges. So, planar 
graphs are sparse, and a substantial number of edges must be missing between C x and C 2 . A 
careful edge counting will lead to a contradiction. 

We start with an auxiliary claim. 

Claim 13. We have an inequality 

e(G[N q n C x ,N q n C 2 ]) > d 1 {q)d 2 {q) - 3d x (q) - 3d 2 (q) + e x (q) + e 2 (q) + 6 . 
An analogous inequality holds for q' . 

Proof. The graph G[N q fl {C\ U C 2 )\ is a planar graph with d x (q) + d 2 {q) vertices and 

di(q)d 2 {q) - e{G[N q nC 1 ,N q nC 2 }) + e x (q) + e 2 (q) 
edges. The claim now follows from Euler's formula. □ 

From previous estimates we have ^ — 2an < \d\ < \ + 2an. The next easy statement 
records the fact that if q is adjacent to most of Ci then Ikcq a ls° contains most of the edges 
from G[Ci\. 

Claim 14. Suppose (3 > 4a. If di(q) > |(1 - j3) then ei(q) > |(1 - 5/3). The same holds for 
q>. 

Proof. Since \C{\ < ^ + 2an the set N q misses at most 

- + 2an- -(1 - /3) = n I -f3 + 2a \ < f3n 

vertices of Cj. Recall that is a cycle. It follows that at most 2j3n edges of G\Cj\ are not 

in lkcg. Hence 

n n 
e l (q) >--2an- 2pn = -(1 - 4a - 4/3) > -(1 - 5/3). 

□ 



3.1. The case @. By Claimmwe have di(q),d 2 (q') < ±. Therefore 



e(G[Ci, C 2 ]) > e(G[iV 9 n C Xt N q n C 2 ]) + e(G[iV ? / n Ci, ^ n c 2 ]) - ^ . 
The inequality 

\ir? + 2n + 17) < e(G) < ( ?1 ^ 2 ) + " + deg(g) + deg(g') - e(G[C x ,C 2 }) 



up 1 

< — + deg(g) + deg(g ) 

1 

- e(G[N q nC x ,N q n C 2 \) - e{G[N q/ n Ci, iV ? / n c 2 ]) + ^ + 1 
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together with Claim 13 and ei(q),e 2 (q') < - gives 

(22) \n + (di(g) - 4)(d 2 (q) - 4) + (^(g') - 4)(d 2 (g') - 4) + e 2 (q) + e 1 (q / ) < 0(1) , 

where O(l) denotes some universal constant (depending on 7) whose exact value does not 
matter. Observe that if d\(q) > 4 then the inequalities di(q) < ~ and d 2 (q) > 3 imply 

(di(q) — 4)(d 2 (q) — 4) > — -. A similar observation holds for g 7 . Therefore, if d\(q), d2(q') > 4 

then we get a contradiction because then the left-hand side of (22) is at least hn — -. 



(23) 



Let us then assume that di(q) = 3. Then the inequality (22) becomes 
1 



-n + (dx{q') - 4){d 2 {q') - 4) + e 2 (q) + ei(g') < d 2 {q) + O(l) . 



If d 2 (q') > 4 then (d x (g') - 4)(d 2 (g') - 4) > -±, and therefore ([23]) implies d 2 (g) > 0.49ra. By 
we have e 2 (g) > 0.45n and plugging this back into (23) we get d 2 (q) > in + 0.45n — 
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Claim 

O(l) > 0.94n, which is a contradiction with d 2 (q) < \C 2 \ < 0.51n. 



(24) 



We are now left with the case when d\(q) = d 2 (q') = 3 and (23) reduces to 
1 



-n + e 2 (q) + ei(g') < d 2 (q) + d^q') + O(l) . 



We now need the following claim. 

Claim 15. If v £ C 2 is an isolated vertex of the graph G[N q n C 2 \ then vq' G E(G). 

Proof. The cycle lkcgu is contained in (A^ g Pi C\) U {(7'} and since di(g) = 3, the latter set 
has 4 vertices. By Definition 1.4 a) Ykcqv must pass through all of them and in particular 
q' G N v . □ 

Because d 2 (q') = 3 the claim implies that G[N q n C 2 \ can have at most 3 isolated vertices 
and therefore e 2 (q) > ^(d 2 (q) — 3). By symmetry we get ei(q') > ^(di(q r ) — 3) and (24) 
implies 

(25) n< dxiq') + d 2 {q) + 0(1) . 

It follows that d\(q'),d 2 (q) > 0.48n but then, by Claim [l4| ei(q'), e 2 (q) > OAn and going 
back to the inequality (|24l) gives a contradiction. 



3.2. The case (21). This time we have d\(q),di(q') < The missing edges in G[N q n 
Ci, A^g n C 2 ] and G[N g > n Ci, A^q/ n C 2 ] can have a significant overlap, so we begin by using 
just the contribution of one of them to obtain a bound. We have 

2 



1 



(n 2 + 2n + 17) < e(G) < 



n 



+ n + deg(g) + deg(g') - e(G[N q nd,N q n C 2 }) 



and plugging in the bound from Claim [i~3| we obtain 



(26) 
In tt 
(27) 



1 



n + (di(q) - 4)(d 2 (g) - 4) + e 2 {q) < d 2 (q') + O(l) . 



In the same way we obtain a symmetric version with q and q' interchanged: 
l n + ( dl((? /) _ 4)(d 2 (g / ) - 4) + e 2 {q') < d 2 (q) + O(l) . 
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Now suppose that d\(q) > 4. Then (d\(q) — 4)(<i 2 ((/) — 4) > — -, and so (26) implies d 2 (</) > 
0.49n. Therefore, e2(q') > 0.45n by Claim [l4| Then the inequality (27) can be rewritten as 

d 2 (q) >\n + (di(g') - 4)( C fe(</) - 4) + e 2 ( g ') - O(l) 

>0.94n + (di(g / )-4)(d 2 (g')-4) • 

This inequality can only be satisfied if the last product is negative, which implies d\{q') = 3. 
Using d2(q') < 0.51n we further obtain 

d 2 (q) > 0.94n - 0.51n = 0.43ra . 



By Claim 14 we get e 2 (q) > 0.15n, but then (26) gives 

d 2 (</) > + 0.15n - 0(1) > 0.64n , 

which is a contradiction. 

By symmetry we also arrive at a contradiction assuming that di(q') > 4. It means that we 
must have di(q) = d±(q') = 3. 

We have that \(N q U N q i) n Ci | < 6. Consequently, there are only a finite number of 
possibilities for the graph G[(N q U N q i) n C\\. We will first show that the actual possibilities 
for G[(N q U Nq>) n Ci] are even more limited. Call a vertex v G Ci /ree if u JVg U iV 9 ', a 
q-vertex if u € N q \N q i, a q' -vertex if u G -/Vq/ \A r (? , a qq' -vertex if v G N q nN q i and a boundary 
vertex if u belongs to an edge e G G[Ci] such that lk^e n {(7, g'} = 0. Observe that each free 
vertex is also boundary. 

Claim 16. The vertices in C\ have the following properties: 

a) if v G C\ is boundary then C 2 C N v , 

b) if v €z C\ is a q-vertex then at least one of its neighbors in C\ is in N q , 
b') if v G C\ is a q' -vertex then at least one of its neighbors in C\ is in N q i, 

c) if ' v G C\ is a qq' -vertex then at least one of its neighbors in C\ is in N q U N q i , 

d) i/ei,e 2 G G[Ci] are two vertex-disjoint edges, such that lkc-ei contains q but not q' 
and lkce 2 contains q' but not q, then in at least one of those edges both endpoints are 
non-boundary, 

e) if v is a q-vertex and w is a q' -vertex then vw E{G[C\\). 

Proof, a) Consider any edge e G G[Ci] such that v G e and V(lkce) D {q, q'} = 0. Then 
lk^e = G[C 2 ], so in particular C 2 C N v . 

b) Let v' , v" G C\ be the neighbors of v. If none of v' , v" is in N q then all three of v, v ' , v" 
are boundary, so by a) all are adjacent to the whole C 2 . Pick any vertex w G N q n C 2 and 
let w',w" be its neighbors in C 2 . Then the link Ikcvw contains the cycle w'v'w"v" and the 
vertex q, which is impossible. By symmetry we also get b'). 

c) The proof is the same as b). 

d) Suppose the contrary. Let e\ = xx' , e 2 = yy' where x' and y' are boundary vertices. By 
a) C 2 C N x i , N y i , therefore 

Ikc(ei) = G[{q} U (N x n C 2 )], lk G (e 2 ) = G[{q'} U (N y n C 2 )]. 

It follows that G[N X n C 2 ] is a path within C 2 and q is adjacent only to the endpoints of that 
path. The same argument for y and q' shows that G[N y n C 2 ] is a path with q' adjacent only 
to the endpoints of that path. It follows that, except for up to 4 special vertices, every vertex 
in C 2 is missing an edge to either q or x and it is missing an edge to either q' or y. Since 
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Figure 1. Seven possibilities of the graph G[(N q U N q >) n C\] with the types 
of the vertices (types q-, q'-, and qq'-). 



x i Q, 4 are f° ur different vertices this yields at least 2 ( | C2 1 — 4) « n missing edges from K2 



to K\, contradicting (18). 



e) Suppose vw is an edge. Then v and w are both boundary. Let v'vww' be the 4-vertex 
path on the cycle G[Ci]. By b) and b') we have v' G N q and w' G iVv. Then the edges to' 
and vow' contradict d). □ 



It turns out that Claim 16 provides enough information to restrict G[(N q U N q i) n C\\ to just 
one possibility. 

Claim 17. We have N q C\C\ = N q > fl C\ = {v\,V2,V3} where v%,V2,Vs are three consecutive 
vertices in C\. 



Proof. Claim 16 gives us that G[(N q U N q >) n C±] is a graph with no cycle, in which every 
vertex has degree 1 or 2, and there is no edge from a q- vertex to a (/-vertex. By considering 
the possible number of (/(/-vertices (3, 2, 1 or 0) and then their degrees, we obtain eight graphs 
which satisfy the above property, up to exchanging q and q' . They are shown in Figure [TJ 
The graphs B-H have a pair of edges which violates Claim [l6|i) . That leaves us only with 
Case A. □ 



As all the vertices in C\ except t>2 are boundary, we have by Claim |l6p) that C2 Q N v for 
each v E C\ \ {^2}- 

Claim 18. There is no edge e G GfCy with q,q' G lkce. 

Proof. If e was such an edge then v% would be a vertex of degree 3 in lkge. □ 
Claim 19. We have \N q n N V2 n C 2 \ < 2 and \N q , n A^ 2 n C 2 \ < 2. 

Proof. Any 3 vertices in N q n N V2 fl C2 together with {v\,V2,vz\ would form a ^3,3 in lk^g, 
contradicting Definition 1.4 i). □ 

To complete the proof we consider two cases. First suppose qq' G E(G). Then, we have 
\N q fl N q i n C 2 \ < 2. Indeed, otherwise v± would be a vertex of degree at least 3 in Ikcqq' , 
a contradiction to Definition |1.4b). It follows that every vertex of C 2 , except for at most 
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6 special ones, is adjacent to at most one element of {q, q', v 2 }, and then there at least 
2(| C2 1 — 6) ~ n edges missing from K 2 to K\. This contradicts (18). 

Now suppose qq' G" E(G). Then lk G qv 3 = G[{v 2 } U (N q n C 2 )] and lk G q'v 3 = G[{v 2 } U 
(N q i n C 2 )]. It means that G[N q n C 2 ] and G[iV 9 / n C 2 ] are paths - say P and P' - within C 2 . 



By Claim 18, P and P' share at most the endvertices. Moreover, the interior vertices of P 
and P' are not adjacent to v 2 . Consequently, every vertex in C 2 , except for at most 4 special 
vertices, is adjacent to at most one element of {q, q',v 2 }. Again, the total number of missing 
edges from K 2 to K\ is at least 2(|C 2 | — 4) « n, contradicting (18). 



This ends the consideration of the case (21 ), thereby completing the proof of Theorem 1.6 



4. Exact results 



In the proof of Theorem 1.6 we used, as black-boxes, two results about the sparseness of 
certain 1- and 2-joinlike graphs — Propositions 4.2 and 4.7 They will be proved in this 



section. Unlike previously, when we were free to count edges with an accuracy of G(n), in 
this part we will need to determine the precise structure of some fascinating graphs and count 
their edges exactly. 

In this section G means any fascinating graph, which will always be 1- or 2-joinlike, with 
C\ , C 2 referring to the cycles from Definition |2.1| and with exceptional vertices called q and 



q . We will frequently use the observation that if q is an exceptional vertex of a i-joinlike 
graph G then d \ N q / for % = 1, 2. 

Proposition 4.1. If G is 1- joinlike and q is the exceptional vertex then deg(q, Ci) > 3 for 
i = 1,2. 

Proof. Suppose that deg(<7, C\) < 2. If deg(q,C 2 ) = then lk G q contains at most 2 vertices, 
so G fails Definition 1.4 i). Otherwise let x G N q C\C 2 be any vertex with at least one neighbor 
in C 2 \ N q . We see that \k G qx contains at most 3 vertices, which is a contradiction. □ 

Proposition 4.2. If G is l-joinlike then e(G) < \(n 2 + 2n + 17), where n = \V(G)\. 



Proof. Let q be the exceptional vertex. We will say that a vertex v G is a q-vertex if 
qv G E(G), a free vertex otherwise and a boundary vertex if it is a q- vertex adjacent to a free 
vertex. 

We refer to G\ and C 2 as "sides" . 
Claim 20. //« S Cj is free or boundary then C%~i C N v . 



Proof. Indeed, v belongs to an edge e G G[Cj\ with q lk^e and therefore with lk^e 



G[G 



3-iJ- 



That means C^-i C N v 



□ 



By Proposition 4.1 and because N q n Cj 7^ Ci for i = 1,2, there are at least three q- vertices 



and at least two boundary vertices on each side. If there were 3 boundary vertices in, say, C±, 
then the graph formed by those 3 vertices in C\ and any 3 neighbors of q in C 2 would form, 
by Claim 20, a K3 3 in Ikcq, which is impossible. That implies there are exactly 2 boundary 



vertices on each side. In other words each N q n Ci induces a path inside Ci of some length 
a>i > 3 for i = 1, 2. 

If u G C\ and w G C 2 are (/-vertices which are not boundary and uw G E(G) then by 
Claim 20 there is a K3 3 in lkg-g formed by u, w and the 2 boundary vertices on each side. 



This means uw E[G) for such u, w. 
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We now know the exact structure of G and we can compute its number of edges. Denoting 
Cj = | Ci | and using n = c\ + c 2 + 1 we have 

e(G) = c\c 2 + c\ + c 2 + a\ + a 2 - {a-y - 2)(a 2 - 2) 



^(n 2 + 2ra + 17) - -(c x - c 2 ) 2 - (a a - 3)(a 2 - 3) < J(n 2 + 2n + 17). 



□ 



The second part of the analysis in this section deals with 2-joinlike graphs. We start off by 
a counterpart of Proposition |4.1| 

Proposition 4.3. If G is 2-joinlike and q is any exceptional vertex then deg(g, Cj) > 2 for 
i = 1,2. 

Proof Suppose that deg(g, Ci) < 1. If deg(q, C 2 ) = then IkcQ contains at most 2 vertices, 



so G fails Definition 1.4 i). Otherwise let x G N q nC 2 be any vertex with at least one neighbor 



in C 2 \ N q . We see that Ikcqx contains at most 3 vertices, which is a contradiction. □ 

We shall later need the following simple inequality. 
Lemma 4.4. Ifn = k + l + 2 then 



kl + 2k + I + 6 < -(n 2 + 2n + 17). 



Proof One checks that 



kl + 2k + I + 6 = 1 (n 2 + 2n + 17) - 1 (I - k + l) 2 . 
4 4 



□ 



and Proposition 4.6 



Proposition 4.7 below is a combination of a case distinction captured by Proposition 4.5 



Proposition 4.5. If G is 2-joinlike with exceptional vertices {q,q'} such that deg(g,Ci) = 2 
and the two vertices of N q n C\ are adjacent, then e(G) < \{n 2 + 2n + 17), where n = | V(G)|. 

Proof. Let iV 9 n Ci = Let G C 2 be neighbors such that qx 6 E(G), qx' -E(G) 



and let y be the other neighbor of x in C 2 (their existence is guaranteed by Proposition 4.3 
and the fact that N q n C 2 / C 2 ). Then y(lkc(7x) C {n, u, g', y}, and since uv G -E(G) we can 
assume that lk^gx is the cycle -uuyg' (this is the unique possibility up to the order of u,v). 
In particular qq' , q'v G -E(G) and g'u E(G). 

Ifu'^v is the other neighbor of u in Ci then Ykcuu' contains neither q nor q' , so it must be 
all of C 2 . In particular C 2 C 7V U . It means that lk G uq = G[{v}U (iV 9 nC 2 )], so G[N q r\C 2 ] is a 
path of length at least 3 within C 2 , whose both endpoints, call them v\, t> 2 , are connected to 
v, while the interior vertices of the path are not connected to v. (In fact x from the previous 
paragraph is one of the Vj). Let a = \N q n C 2 | be the length of this path. 

The link of every edge in G[N q n C 2 ] contains u and g, so to be a cycle it must also contain 
q'. It follows that N ql nC 2 ^ N q nC 2 . 

Let i it be the other neighbor of v in C\. We now focus on the link Vkq^v. It contains 
the path v\qv 2 . As we shall see, the case t Ykcq'v will lead to a contradiction. 

Claim 21. Ift$ Ykco'v then Ikcq'v must contain, apart from v\, q and v 2 , all the vertices in 
C 2 \N q . 
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Proof. The link Ykcq'v is a cycle which passes through v\qv2- The only possible route for this 
cycle which does not take it outside lk^-v and avoids t and u is to continue from V2 back to 
vi in C 2 , i.e., follow the path G[C 2 \ N q ]. □ 

However, the above would imply C2 \ N q C A 7 ^. Put together with the previously estab- 
lished N q if]C2 2 N q dC2 we would get C2 Q N q i, a contradiction. This means that t G Ikaq'v, 
i.e. q't G E{G). 

Consider any vertex x G (C\ Pi iV g /) \ {v} which has at least one neighbor x in Ci \ A^/. 
By the fact that g'u g" E(G) such a vertex must exist. The link Ikcxx is a cycle which does 
not touch C\ U {q,q'}- Consequently, Ikcxx = GfCy, and in particular, C2 C A^. The link 
lkcxg' consists of one vertex in C\ and of the whole N q / n C2. We get that GfA^ n C2] is 
a path within C2, containing N q n C2. Let itfi,?/^ be the endpoints and let b = \N q / n C2I. 
Assume that i>i is between w\ and i>2 on this path (possibly w\ = v\ or W2 = V2) ■ 

For every edge e in G[(C2\A r (? /)U{u;i, W2}] we have lk^e = G[C\]. As C^fWg/ induces a path 
with endvertices W\ and u>2 and G[C2] is a cycle, we must have that G ! [(C 2 \ 7Vg/)L){wi, u^}] is a 
path, in particular this graph contains no isolated vertices. It follows that for every vertex x G 
(C2 \ Nqi) U {wi, W2} we have C\ C A^.. Now consider the link Ikcq'v. It contains the vertices 
q,t,vi,V2,wi,W2, with paths V\qv2 and W\tw2- This is only possible if v is adjacent to all of 
(N q i \ N q ) n C2 while t is not adjacent to any vertex of (((N q i \ N q )nC2) U {fi, ^2}) \ {u>i, ^2}- 

Let |Ci| = k, |C 2 | = /, with n = k + / + 2. The remaining part of the proof splits into two 
cases. First we assume that t is non-adjacent to all of (N q n C2) \ {ui,u 2 }- In that case i is 
non-adjacent to 6 — 2 vertices of C 2 , u is non-adjacent to a — 2 vertices and using a bound 
deg(q', C\) < k — 1 we get 

e(G) < kl + Jb + 1 + (a + 2) + (b + ft; - 1) + 1 - (a - 2) - (6 - 2) 
= fcZ + 2/c + Z + 6 , 



so the conclusion follows from Lemma 14.41 

Next suppose that t has a neighbor y in (N q n C2) \ {^1,^2} and let s ^ v be the other 
neighbor of t in C\. The link Ikcq't contains v,wi,W2,y and possibly s with edges W1VW2, 
and apart from f and s it is contained in N q i n C 2 . Any cycle with that property must 
contain an edge e G GfA^q n C2] and it follows that there exists an edge e G G[A^ t niV^fl C2]. 
But lk^e is a cycle passing through wgg't and not through v, therefore necessarily going 
through all of C\ \ {v}. In particular N q i fl C\ = {v,t} and so s Ykcq't. It means that 
Ikcq't = G[{v} U (A^/ n C 2 )] which, by the restrictions on A^, implies «i = w\, V2 = 102, a = b 
and Cj C JV t . This determines the graph G and we obtain 

e(G) = kl + A; + I + (a + 2) + (a + 2) + 1 - (a - 2) 
= A;Z + A; + / + a + 7 

= -(n 2 + 2n + 17) - -fjfc - I + l) 2 - (I - 1 - a) < -(n 2 + 2n + 17) 
4 4 4 

because a < I — 1. □ 

Proposition 4.6. If G is 2-joinlike with exceptional vertices {q,q'} such that deg(q, C\) = 2 
and the two vertices ofNqdCi are not adjacent, then e(G) < |(n 2 +2n+17) where n = |V(G)|. 



Proof. The proof uses similar techniques as the proof of Proposition 4.5. Set A^nCi = {u, v}. 

Let x G C2 be any vertex with qx G E(G) and such that x has a neighbor x' G C2 with 
qx' E(G). Let y be the other neighbor of x in C2. We have V^lk^^x) C {u,v,q' ,y}, 
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with u and v being independent. It follows that lk G qx is the cycle uq'vy, in particular 
q'u,q'v,ux,vx,q'x G E(G) and qq' £ E{G). 

It follows that the number of vertices x £ C2 with the property described in the previous 
paragraph is at most 2. Indeed, we proved that every such vertex is adjacent to u,v,q', 
and the claim follows since Ikcq is i^^-free. It means that G[N q n C2] is a path within 
C2 of length a = \N q n Ci\. Moreover, if v\,v 2 £ C2 are the endpoints of that path then 
q'vj,uvj,Wj £ E(G) for j = 1,2. It follows that a > 3 as otherwise lkcqw would contain a 
triangle q'v\V2- 

The link lk^gn contains v\, V2 and no vertex in C\, so it must be G[{q'}U(N q nC2)]. That, 
and the same argument for lk^t; mean that N q n C2 C N U ,N V and that </ is non-adjacent 
to vertices in (jV 9 n C2) \ {f 1, t^}- 

We will now prove the following claim. 

Claim 22. Suppose x £ C±\{u,v} andy £ (A r <? nC , 2)\{wi, ^2}- Letx',x" be the neighbors of x 
in C\, and let y',y" be the neighbors of y in C^- If xy £ E{G) then xy' , xy" , x'y, x"y £ E{G). 

Proof. The link lk G xy contains neither q nor q' . Hence it must be contained in {a/, x" , y' , y"}, 
and it follows that these 4 vertices must form a 4-cycle with x and y adjacent to all of 
them. □ 

The vertices u, v divide G[Ci] into two paths which we call Pi, P2, so that there is a partition 
C\ = Pi U P2 U {u, v}. We also write Pj = Pj U {u, v} for j = 1,2 for the "closures" of those 
paths. Claim 22 implies that for j = 1,2 the bipartite graph G[Pj, (iVg n C2) \ {fi,^}] is 



either edgeless or complete bipartite. Suppose first that both of these graphs are complete. 
Take any edge e in G[N q n C2]. As a > 3, such an edge exists. The above then gives that lk^e 
contains all of C\, and q, a contradiction. Suppose next that both of these graphs are empty. 
Taking any edge e in G[N q n C2] we observe that lkg-e spans at most three vertices {q, u,v}, 
again a contradiction. We can therefore assume that G[P\, N q n C2] is complete bipartite and 
G[P 2 , (N q n C 2 ) \ {vi, v 2 }] has no edges. 

For every edge / £ G\P<^[ the link lk^/ misses g and N q \ {v 1, ^2} hence it must contain (/. 
We therefore have that 

(28) P~2^N q , . 

The rest of the proof depends on whether N q i n P\ is empty. 

First suppose that q' is adjacent to some vertex of P\. Recalling that N q > n Ci 7^ C\ and 



combining this with (28) we have N q 'f]Pi 7^ P\. We can find t £ Pi with neighbors t', i" E P\ 
such that tq' S E(G) and i'q 1 ' E(G). Since lk^tt' contains neither (7 nor q' it must be all of 
C 2 hence C 2 C N t . We then have lk G q't = G[{t"} U (iV ? / D C 2 )], so iV ? / n C 2 induces a path 
within C2 and i" is not adjacent to its internal vertices. Since v\,V2 £ N q > n C2 we obtain 
that iVq/ n C 2 = (C 2 \ iVq) U {«i,«a}. 

Let I Ci ] = fc, |C 2 | = L Subtracting the edges we lose from P 2 to (A^ g n C2) \ {^1,^2} and 
from t" £ P\ to C2 \ N q and using deg(g', C\) < k — 1, \P%\ > 1 and a > 3 we get 

e(G) <kl + k + l + (a + 2) + (l-a + 2 + k-l) + l-\P 2 \(a-2)-(l-a) 
< kl + 2k + I + 6. 

Next consider the case iV 9 ' fl P\ = 0. By the usual argument we have C2 C N U ,N V . Let 
s G P2 be the neighbor of u. Then lkcg'f = G[{s,g} U (N q i n C2)] and it contains the edges 
viqv 2 . It follows that there are vertices 101,102 £ C2 such that G[N q > n C2] has two parts, 
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a) b) 



Figure 2. The 1-skeleta of two triangulations of S 3 with fx = \(f% +2/o+17). 
Starting from the join of two cycles remove the dashed edges and add the 
exceptional point(s) with the solid edges. In a) \C\\ = | C 2 1 and deg(g, C\) = 
3. In b) \C 2 \ = |Ci| + 1, deg(g,Ci) = deg(g',Ci) = 2 and deg(q,C 2 ) = 
deg(q',C 2 ) = |C 2 |-1. 



stretching from v\ to w\ and from v 2 to w 2 (possibly w\ = v\ or w 2 = v 2 ). Moreover, looking at 
Ikcq'v we see that sw\, sw 2 6 E(G) but s is not adjacent to the vertices in (N q ^nC 2 )\{wi, w 2 }. 

Let b = \N q / n C 2 \. Counting the missing edges from P 2 to (N q n C 2 ) \ {^1,^2} and the 
disjoint set of missing edges from s to (N q > n C 2 ) \ {w±, w 2 } we have: 

e(G) <kl + k + l + {a + 2) + {b + k-l) + l- \P 2 \(a - 2) - (b - 2) 
< kl + 2k + I + 6. 



An application of Lemma |4.4| completes the proof. 



□ 



Putting the above results (Propositions 4.3 , 4.5 and 4.6) together we get the main result 



of this section concerning 2-joinlike graphs. 

Proposition 4.7. If G is 2-joinlike with exceptional vertices {q,q'} and deg(q, C\) < 2 then 
e(G) < \{n 2 + 2n + 17) where n = \V(G)\. 



5. Closing remarks 



A careful analysis of the proofs in Section [4] reveals two families of fascinating grap hs w hich 



satisfy the equality m 



n 



+ 2n + 17) for n > hq. They appear in Proposition 



4.2 



and 



Proposition |4.5[ see Figure[2} This proves the claim made in Remark 1.7 we omit the details. 
Let us finish by stating a generalization of Theorem 1.2 to higher dimensions. 



Conjecture 5.1. For every s > 2 there exists a number n$ = no(s) such that the following 
holds. If M is a closed flag (2s — l)-manifold or a flag (2s — 1)-GHS with fo > uq vertices 
and fi edges then 



(29) 

Moreover, if M satisfies 
(30) 



/1 < /o ■ — y s — ^ f Q - 



2 s - 1 s - 1 7s + 3 
h > Jo " r Jo • H 



2 s 



2s 



then M is a join of s polygons, in particular it is homeomorphic to S 



2s- 1 
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The maximal value in (29 ) is achieved by the balanced join of s cycles of lengths fo/s. The 
expression in (30) is the number of edges in the single edge-subdivision of such a join. 

Let us sketch how one might prove this conjecture (the details will appear elsewhere). Fix 
s > 2 and denote n = /o- First of all, M is Eulerian and the "middle" Dehn-Sommerville 
equation h s -i = h s+ \ can be rewritten in the form 

fs = s/s-i + 02/5-2 H ho s /o 

for some coefficients cij depending only on s. It follows that the number of (s + l)-cliques 
in the 1-skeleton G = is only 0(n s ). However, the number of edges in G is above the 

Turan bound for a complete, balanced s-partite graph, which is the maximizer of the number 
of edges among i£" s+ i-free graphs. By an application of the stability method we get that G 
looks very similar to Ka„,j, where I = n/s. Next, as in the case of fascinating graphs, we 
see that in G the link of every (2s — 1 — j)-clique is a triangulation of S J for j = 0, 1, 2 (or for 
all < j < 2s — 2 if M is a manifold) and one can try to exploit those conditions to rigidify 
the structure of G. 
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